MASSACHUSETTSINSTITUTE OF TECHNOLOGY
6.265/15.070] Fall 2013

Midterm Solutions

1 Problem1

Suppose a random variable X is such that P(X > 1) =0and P(X > 1 —¢€) >
0 for every ¢ > 0. Recall that the large deviations rate function is defined
to be I(z) = supy(fx — log M(0)) for every real value x, where M (0) =
Elexp(6.X)], for every real value 6.

(a) show that I(z) = oo for every x > 1.

Since P(X > 1) = 0, we have

1
M(6) = / exp(02)dPy () < exp(0)P(X < 1) = exp(0)

—00

We therefore obtain — log M () < —#6, and conclude that for x > 1
I(z) = sup(fz —log M(0)) > supf(z — 1) =
0 0

(b) show that I(z) < oo for every E[X] <z < 1.
since z > E[X], we have that

I(z) = sgp(@x —log M(0)) = zg%)(@x —log M (0))

Now, take any € > 0 such that x < 1 — ¢, and note that

1 1
M(0) = / exp(0x)dPx () > /1 exp(fx)dPx(x) > exp(f(1—€))P(X > 1—¢)

—00

Therefore —log M (0) < —0(1 — €) —logP(X > 1 — ¢), and we obtain

I(x) = zg%)(xﬂ—log M(9)) < zg%)((x—(l—e))H—logP(X >1—€)) < —logP(X > 1—¢) < >0

(c) show that lim._,oP(1 — e < X < 1) = 0. Show that (1) = oc.
For any € > 0,

1 1—e 1
M(6) = / exp(0z)dPy (z) = / exp(02)dPy (z) + /1  exp(0a)dPy ()

h 70?9(1 —€)P(X <1—¢€)+exp(@)P(1—e< X <1)
<exp(f(1—€))(1+P(1—e<X <1)(exp(fe) —1))
<exp(f(l —€)(1+P(1—-e<X <1)exp(be))



Let f(0,¢) denote the quantity above. For any # > 0 and ¢ > 0, we have
M(0) < f(0,¢), and we obtain that

I(1) > sup 6 —log f(6,¢)
0>0,e>0

Take 0 = Llog(1P(X > 1 —¢)),sothat 1+ P(1 — e < X < 1)exp(fe) = 2.
We obtain that — log f(0(€),e) = —0(1 —¢) —log 2, and so 8 —log f(0(¢),€) >
fe —log 2. Finally, note that fe = log(m) goes to 0o as € goes to zero.
2 Problem 2

Recall the following one-dimensional version of the large Deviations Principles
for finite state Markov chains. Given an /N-state Markov chain X,,, n > 0 with
transition matrix F; ;, 1 < i,j < N and a function f : {1,..., N} — R, the

sequence 2z = Zasisn XD o isfies the Large Deviations Principle with the

rate function I(x) = s&lpg (0z—log p(Py)), where p(Fy) is the Perron-Frobenius
eigenvalue of the matrix By = (/) P, ;1 <i,j < N).

Suppose F;; = m; for some probability vector m; > 0,1 < j < N,
> ;™ = 1. Namely, the observations X, for n > 1 are i.i.d. with the proba-
bility mass function given by m. In this case we know that the large deviations
rate function for the i.i.d. sequence f(X,), n > 1 is described by the moment
generating function of f(X,,), n > 1. Establish that the two large deviations
rate functions are identical, and thus the LDP for Markov chains in this case is
consistent with the LDP for i.i.d. processes.

Proof. We have that P is

exp(0f(X1))m -+ exp(0f(Xn))mn
Py = . :

exp(Bf(X0)m o exp(0f (Xn))my
Letv = [1,...,1]7 and M (#) = E[exp(# f(X1))]. Then we have that
Pyv = M(0)v

Since Py has rank 1 and M (#) > 0, we have that M () is the Perron-Frobenius
eigenvalue of . Thus, we have

I(z) = SI;p(Hx —log p(Fy)) = Sl;p(ﬂl’ —log M (0))



3 Problem 3

(a) Suppose, X,,, n > 0 is a martingale such that the distribution of X, is
identical for all n and the second moment of X, is finite. Establish that X,, =
Xy almost surely for all n.

Proof. Let F,, be a filtration to which the martingale X,,, n > 0 is adapted.
Then for any n > 1, by tower property, we have

E[(Xn — Xo0)*] = E[X;] + E[X§] — 2E[XoX]
= E[X7] + E[X§] — 2E[E[X0.X,|Fo]]
= E[X7] + E[X§] — 2E[XoE[X,|Fo]]
= E[X7] + E[X§] - 2E[X{]
=0

by the fact that X,,, n > 0 has the same distribution and that X,, has finite
second moment. Thus, we have X,, = X almost surely.
O

(b) An urn contains two white balls and one black ball at time zero. At each time
t = 1,2,... exactly one ball is added to the urn. Specifically, if at time ¢ > 0
there are W; white balls and B; black balls, the ball added at time ¢ + 1 is white
with probability W +5; and is black with the remaining probability W . In
particular, since there were three balls at the beginning, and at every time t >1
exactly one ball is added, then W; + B, = t + 3, t > 0. Let T be the first
time when the proportion of white balls is exactly 50% if such a time exists, and
T = oo if this is never the case. Namely 7' = min{¢ : W:Kth = 1} if the
set of such ¢ is non-empty, and 7' = oo otherwise. Establish an upper bound
P(T < o0) < 2.

Proof. First, we will establish that W T, 1s a martingale. Let 7; be a filtration
to which WVKtB is adapted. Then we have that

[mE] =
Wi + By
and that
E[ W 7] = W 1+ W; By Wiy
Wi + By Wi+ Bel+ Wiy + B Wy + B 1+ Wi+ By
Wi(1 4+ Wy + By) W

T Wi+ B)A1+W,+B) W, +B,



Thus, %, t > 0 is a martingale. Since |X;a7| < 1, the optional stop-

ping theorem gives that X7 is almost surely well defined random variable and
E[X7] = E[X]. Thus, we have

E[Xr] = %IP(T < ) 4+ oP(T = x0) = E[X,] = ;
- %P(T <o0) +a(l = (T < o0)) = ; (1)
Wi

where 0 < o < 1 s the fraction 375 for ¢ — oo and it exists by Martingale
convergence theorem. By (1), we have that P(T < oo) < 1, thus

2 1 2 1
1-P(T < 0) ~ 1-P(T < o)

<1=P(T < )<

[SSR )
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