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6 Lecture 6 (Notes: Y. Lekili) 

Recall from last lecture : 
S = Λ•V ∗, (X + ξ) ρ = ιX ρ + ξ ∧ ρ. Mukai pairing (ρ, φ) = [ρ ∧ α(φ)]n Spin0-invariant. · 

Dir(V ) Pure spinors ←→ 

Lφ ←→ φ = ce B θ1 ∧ . . . ∧ θk, k = type 

Problem. 1. Prove that Lφ ∩ L
� 

= {0} ⇔ (φ, φ
� 
) = 0 �φ 

2. Let dimV = 4. Show that 0 =� ρ = ρ0 + ρ2 + ρ4 is pure iff 2ρ0ρ4 = ρ2 ∧ ρ2. Show in general dimension 
that Pur = Pure spinors ⊂ S± are defined by a quadratic cone. Indentify the space P(Pur) ⊂ P(S±.) 
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6.1 Generalized Hodge star 

C+ positive definite. C+ : V → V ∗ , C+(X)(X) > 0 for X = 0 . � C+ = Γg+b, g ∈ S2V ∗ and b ∈ Λ2V ∗. Note 
that C+ determines an operator 

G : V ⊕ V ∗ → V ⊕ V ∗ 

�Gx,Gy� = �x, y�, G2 = 1. So G∗ = G. G is called a generalized metric since �Gx, y� is positive definite. 

Note that if C+ = Γg : {v + g(v)} and C− = {v − g(v)} then G = 
g 
0 g−

0 

1 
. In general 

C+ = Γg+b = ebΓg so � � � ��	 �� � � � 

G = eb	 0 g−1 
e−b =

1 0 0 g−1 1 0 
= 

−g−1b g−1 

g 0 b 1 g 0 −b 1 g − bg−1b bg−1 

Problem. Note that restriction of G to T is g − bg−1b. Verify that it is indeed positive definite. 

Comment about the volume form of g − bg−1b = gb : 

Note: g − bg−1b = (g − b)g−1(g + b) . So det(g − bg−1b) =det(g − b)det(g−1)det(g + b), and 
det(g+b)det(g + b) =det(g + b)∗ =det(g − b). Hence volgb =det(g − bg−1b)1/2 = 
det(g)1/2 . 

Problem. What is volgb /volg ? 

Aside: detV ∗, choose orientation. detV ∗ ⊗ V ∗ , natural orientation since square. detg(v ⊗ v) > 0 so detg

has square roots. After choice of orientation on V , there exists a unique positive square root volg.


A generalized metric is given by G : V ⊕ V ∗ → V ⊕ V ∗ such that G2 = 1, G∗ = G, �G(x), x� > 0.

C± = ker(G � 1).

Consider ∗ = a1 . . . an where (a1, . . . , an) is an oriented basis for C+. ∗ ∈CL(C+) ⊂CL(V ⊕ V ∗).


• ∗ is the volume element of CL(C+) 

• ∗ is the lift of −G to Pin(V ⊕ V ∗) = {v1 . . . vr : ||vi|| = ±1} (Spin if n is even) 

• ∗ acts on forms via ∗ · ρ = a1 . . . an · ρ. 
Consider b = 0 and ei, e

i orthonormal basis. Then ∗ = (e1 + e1) . . . (en + en). Consider 
α(∗) = (en + en) . . . (e1 + e1). α(∗)1 = en ∧ . . . ∧ e1 , α(∗)e1 = en ∧ . . . ∧ e2 , . . . etc. So, 

α(α(∗)ρ) = �ρ, Hodge star. 

2	 2So α(α(∗)ρ) is generalized Hodge star. Note that ∗2 = (−1) 
n(n−1) 

and (ρ, φ) = (−1) 
n(n−1) 

(φ, ρ). So 
consider (∗ρ, φ) is symmetric pairing of ρ, φ into detV ∗. And note that if b = 0, 

(∗ρ, φ) = (ρ, α(∗)φ) = [ρ ∧ α(α(∗)φ)]top = [ρ ∧ �φ]top = g(ρ, φ)volg 

When b = 0� , G = eb 
g 
0 g−

0 

1 
e−b . So ∗ = eb ∗g e

−b, and (∗ρ, φ) = (eb ∗g e
−bρ, φ) = (∗g(e−bρ)e−bφ). So 

always nondegenerate for all b. Hence (∗ρ, φ) = G(ρ, φ)(∗1, 1) with G(1, 1) = 1 where G is the natural 
symmetric pairing on forms. 

Problem. Let e1, . . . , en be g-orthonormal basis of V . 

•	 Show (ei + (g + b)(ei)) form orthonormal basis of C+.


) = det(g+b)
• Show (∗1, 1) = det(g + b)(e1 ∧ . . . ∧ en det(g)1/2 = volgb 

vol 
gb 2 • As a result, show volg 

= ||e−b||g 
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6.2 Spinors for TM ⊕ T ∗M and the Courant algebroid 

On a manifold M , T = TM , T ∗ = T ∗M . T ⊕ T ∗ is a bundle with �, � structure O(n, n). S = Λ•T ∗. 

Diff forms ←→Spinors for T ⊕ T ∗. 

New element: d : Ωk Ωk+1 . Recall [X,Y ] is defined by ι[X,Y ] = [LX , ιY ] = [[d, ιX ], ιY ]. We now use same →
strategy to define a bracket on T ⊕ T ∗. 

(X + ξ) ρ = (ιX + ξ∧)ρ· 

So for e1, e2 ∈ C∞(T ⊕ T ∗), define 

[[d, e1·], e2·]ρ = [e1, e2] ρC · 

the Courant bracket on C∞(T ⊕ T ∗). Note [d, ιX + (ξ∧)] = LX + (dξ∧) and 

[LX + (dξ∧), ιY + (η∧)] = ι[X,Y ] + ((LX η)∧) − ((ιY d)ξ∧). 

Hence 

[[d, e1·], e2·]ρ = ι[X,Y ]ρ + (LX η − ιY dξ) ∧ ρ 

defines a bracket, Courant bracket : 

[X + ξ, Y + η] = [X,Y ] + LX η − ιY dξ. 

Note bracket is not skew-symmetric: [X + ξ,X + ξ] = LX ξ − ιX dξ = dιX ξ = d�X + ξ,X + ξ�. It is skew 
”up to exact terms” or ”up to homotopy”. However, it does satisfy Jacobi identity: 

[[a, b].c] = [a, [b, c]] − [b, [a, c]]. 

Proof: [d, ] = D an inner graded derivation on EndΩ. D2 = 0. [a, b] φ = [[d, a], b] φ = [Da, b] Then · C · · 
[[a, b]C , c]C · φ = [D[Da, b], c]φ = [[Da,Db], c]φ = [Da, [Db, c]] − [Db, [Da, c]] = [a, [b, c]C ]C − [b, [a, c]C ]C . 

It is also obviously compatible with Lie bracket. 

T ⊕ T ∗ π −→ T 

[ , ]C −→ [ , ] 

that is, [πa, πb] = π[a, b]C . 

Two main key properties : 

• [a, fb] = f [a, b] + ((πa)(f))b. 

Let a = X + ξ, b = Y + η,

[X +ξ, f(Y +η)] = [X, fY ]+LX (fη)−fιY dξ = f [a, b]+(Xf)Y +(Xf)η = f [X +ξ, Y +η]+(Xf)(Y +η).


• How does it interact with �, � ? πa�b, b� = 2�[a, b], b� 

�[a, b], b� = ι[X,Y ]η + ιY (LX η − ιY dξ) = LX ιY η = 1 LX �b, b� = πa�b, b�2 
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Usually written : ra(b, c) = ([a ,  b], c) + (b, [a, c]) .  
This defines the notion of Courant Algebroid: 
( E ,  (, ), [, 1 ,  T )  where E is a real vector bundle, r : E + T is called anchor, (, ) is nondegenerate symmetric 
bilinear form, [ , ]  : C m ( E )  x C m ( E )  C m ( E )  such that : 

E is exact when 

So T @ T* is exact Courant algebroid. 
This motivates Lie Algebroid: A 5 T ,  [ , ]  : C m ( A )  x C m ( A )  + C m ( A )  Lie alg. such that 

r [ a ,  b] = [ra,  ~ b ]  

[a, f bl = f [a, bl + ( ( r a ) f  )b 


