
LECTURE 2: COMPACTLY GENERATED SPACES 
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1. Definitions 

Let Top be the category of topological spaces with continuous maps as mor
phisms. Let Map(X, Y ) denote the mapping space, with the compact open topol
ogy. 

The category Top suffers from the fact that the natural map 

(1.1) Map(X × Y, Z) → Map(X, Map(Y, Z)) 

is not, in general, surjective. It is always a homeomorphism onto its image. The 
solution is to define a class of spaces for which (1.1) is a bijection. 

Definition 1.2. X is weak Hausdorff if for all compact K, and all continuous 
g : K X, g(K) is closed.→ 

Note that Hausdorff spaces are weak Hausdorff. 

Definition 1.3. X is a kspace if the closed subsets are detected by maps of 
compacts into X. That is to say, C ⊆ X is closed if and only if, for every compact 
K, g−1(C) is closed for every map g : K X.→ 

Definition 1.4. X is compactly generated if it is a weak Hausdorff kspace. 

Remark 1.5. If X is weak Hausdorff, then X is compactly generated if and only 
if it has the topology of the union of its compact subspaces. 

Let wHaus be the category of weak Hausdorff spaces, and CG be the category 
of compactly generated spaces. There are adjoint pairs (wH, forget), (forget, k): 

forget forget //
CG oo

//
wHaus oo Top . 

k wH 

The functor k is kification. Given a space X, k(X) is the same space, but with the 
closed sets changed to be those detected by maps of compacts in. The functor wH 
is weak Hausdorffification. It is the minimal quotient of X which is weak Hausdorff. 
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2. Products and mapping spaces 

The product topology satisfies a universal property in the category Top. For 
spaces X and Y , giving a map Z → X ×Y is the same as giving maps Z X and→
Z Y :→

x;; XOO
f xx 

x x x x x x ∃! // X × YZ FFFFFFFg FF## ��
Y 

Since the product of weak Hausdorff spaces is weak Hausdorff, the product sat
isfies the same universal property in wHaus. However, the product of compactly 
generated spaces is not necessarily compactly generated. We do have the following 
lemma. 

Lemma 2.1. If X is compactly generated and Y is locally compact, then X × Y 
is compactly generated. 

We solve this problem by kifying: we define X ×CG Y := k(X × Y ). 

Lemma 2.2. X ×CG Y satisfies the universal property in the category CG. 

The mapping space may also not be compactly generated. We fix this by defining 
Map

CG
(X, Y ) := kMap(X, Y ). We then have the following theorem. 

Theorem 2.3. For X, Y, Z ∈ CG, the natural map 

Map
CG

(X ×CG Y, Z) → Map
CG

(X, Map
CG

(Y, Z)) 

is a homeomorphism. 

From now on, we redefine the following notions: 

Top := CG 

Map := Map
CG 

CG −−×− := −×
We ended by using Theorem 2.3 to give an easy proof of the following proposition. 

Proposition 2.4. There is a bijection π0(Map(X, Y )) ∼ [X, Y ].= 

Here [X, Y ] denotes homotopy classes of maps from X to Y . 
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