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Lecture 02 Voting classifiers, training error of boosting. 18.465 

In this lecture we consider the classification problem, i.e. Y = {−1, +1}. 

Consider a family of weak classifiers 

H = {h : X → {−1, +1}}. 

Let the empirical minimizer be 
1 

n

h0 = argmin 
n

I(h(Xi) =� Yi) 
i=1 

and assume its expected error, 
1 

> ε = Error(h0), ε > 0
2 

Examples: 

• X = Rd , H = {sign(wx + b) : w ∈ Rd, b ∈ R} 

• Decision trees: restrict depth. 

• Combination of simple classifiers: 

T

f = αtht(x), 
t=1 

where ht ∈ H, 
�T 

αt = 1. For example, t=1 

h1 = 
1 -1 

1 -1 
, h2 = 

1 1 

-1 -1 
, h3 = 

1 1 

1 1 

f = 7
1 (h1 + 3h2 + 3h3) = 

7 5 

1 -1 
, sign(f) = 

1 1 

1 -1 

AdaBoost 

Assign weight to training examples w1(i) = 1/n. 

for t = 1..T 

1) find “good” classifier ht ∈ H; Error εt = i
n 
=1 wt(i)I(h(Xi) =� Yi) 

2) update weight for each i: 
wt(i)e−αtYiht (Xi) 

wt+1(i) = 
Zt 

n

Zt = wt(i)e−αtYiht(Xi) 

i=1 

αt = 
1

ln
1 − εt 

> 0
2 εt 

3) t = t+1 

end 
1 
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Output the final classifier: f = sign( αtht(x)). 

Theorem 2.1. Let γt = 1/2 − εt (how much better ht is than tossing a coin). Then 

n T �1 � � 
I(f(Xi) = Yi) ≤ 1 − 4γt 

2 

n 
�

i=1 t=1 

Proof. 
T� PT 

I(f(Xi) =� Yi) = I(Yif(Xi) = −1) = I(Yi αtht(Xi) ≤ 0) ≤ e−Yi t=1 αtht(Xi) 

t=1 

Consider how weight of example i changes: 

wT (i)e−YiαT hT (Xi) 

wT +1(i) = 
Zt 

e−YiαT hT (Xi) wT −1(i)e−YiαT −1hT −1(Xi) 

= 
Zt ZT −1 

. . . PT 
e−Yi t=1 αtht(Xi ) 1 

= �t 
Zt n 

t=1 

Hence, � 1 PT 

wT +1(i) Zt = e−Yi t=1 αtht(Xi) 

n 

and therefore 

n n T n T1 � 1 � PT � � � 
I(f(Xi) = Yi) ≤ e−Yi t=1 αt ht(Xi) = Zt wT +1(i) = Zt 

n 
�

n 
i=1 i=1 t=1 i=1 t=1 

Zt = wt(i)e−αtYiht(Xi) 

n n

= wt(i)e−αt I(ht(Xi) = Yi) + wt(i)e +αt I(ht(Xi) =� Yi) 
i=1 i=1 

n n

= e +αt wt(i)I(ht(Xi) �= Yi) + e−αt wt(i)(1 − I(ht(Xi) �= Yi)) 
i=1 i=1 

= e αt εt + e−αt (1 − εt) 

Minimize over αt to get 

αt = 
1

ln
1 − εt 

2 εt 

and 

αt 

� 
1 − εt 

�1/2 

e = . 
εt 

2 
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Finally, 

Zt = 

� 
1 − εt 

εt 

�1/2 

εt + 

� 
εt 

1 − εt 

�1/2 

(1 − εt) 

= 2(εt(1 − εt))1/2 = 2 
� 

(1/2 − γt)(1/2 + γt) 

= 
� 

1 − 4γ2 
t 

� 
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