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Problem 8 
Consider the linear advection equation 

φt + uφx + vφy = 0 , (x, y) ∈]0, 1[2, t ∈]0, T [ 

with the velocity field (u, v) = (−ψy, ψx) where ψ(x) = cos(πt/T ) sin2(πx) sin2(πy), 
with T = 2. Consider initial conditions φ(x, y, 0) = (x − 0.25)2 + (y − 0.3)2 − 0.12 . 

1. Implement an upwind scheme, Lax-Friedrichs, and Lax-Wendroff, and perform 
a numerical error analysis as with Δt ∝ Δx. 

2. Design a finite difference approximation that is third order accurate in space. 
Use (A) a forward Euler step in time, and (B) a third order accurate time step. 

3. Investigate stability of your numerical two schemes (A) and (B) using von Neu
mann stability analysis. If either turns out to be unstable, go back to 2. 

4. Perform a numerical error analysis for the schemes (A) and (B), for (a) Δt ∝ Δx, 
and (b) Δt ∝ Δx3 . How does your scheme (B) compare with the classical 
schemes from 1.? 

5. Implement a WENO scheme (see lecture) for the problem, and add it to the 
numerical analysis. How does it perform in comparison to your scheme (B)? 

6. Design and program an approach that solves the advection problem with spec
tral accuracy in the spatial variable. Use a high order time stepping scheme 
and test the numerical accuracy of your method. 
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