
Chapter 15


15.1 Conjugate Gradients (CG) 

Minimize 

�rk�A−1 , (15.1) 

where rk = b − Axk. Also means �ek�A is minimized, where ek = x∗ − xk. 

x0 = 0 (15.2) 

r0 = b (15.3) 

p0 = r0 (15.4) 

For k = 1, 2, 3, · · · 

Trk−1rk−1 
step length αk = 

T 
(15.5) 

pk−1Apk−1 

improve solution xk = xk−1 + αkpk−1 (15.6) 

residual rk = rk−1 − αkApk−1 (15.7) 
Trk rk

improvement βk = 
T 

(15.8) 
rk−1rk−1 

search dir. pk = rk + βkpk−1 (15.9) 

Theorem: Let A be s.p.d. If rn−1 �= 0 (no convergence yet), then: 

1. 

Kk = �x1, · · · , xk� 
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= �p0, · · · , pk−1� 

= �r0, · · · , rk−1� 

= �b, Ab, · · · , Ak−1b� (15.10) 

2. 

r T 
k rj = 0 k > j (15.11) 

3. 

p T 
k Apj = 0 k > j (15.12) 

(A-conjugate search dir.) 

Proof: 

1. 

x0 = 0 (15.13) 

xk = xk−1 + αkpk−1 (15.14) 

therefore, 

xk ∈ �p0, · · · , pk−1� (15.15) 

and vice versa. 

pk = rk + pkpk−1 (15.16) 

therefore, 

�p0, · · · , pk−1� = �r0, · · · , rk−1� (15.17) 

rk = rk−1 − αkApk−1 (15.18) 

therefore, 

�r0, · · · , rk−1� = �b, Ab, · · · , Ak−1b� (15.19) 

2. 

rk = rk−1 − αkApk−1 (15.20) 

r T 
k rj = r T 

k−1rj − αkp T 
k−1Arj (15.21) 
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TIf j < k − 1 then rk rj = 0 by reduction. If j = k − 1 we need 

Trk−1rk−1 
αk = 

T 
(15.22) 

p Ark−1k−1

We have 

Trk−1rk−1 
αk = 

T 
(15.23) 

pk−1Apk−1 

pk−1 = rk−1 + βk−1pk−2 (15.24) 

T T T pk−1Apk−1 = pk−1Ark−1 + pk−1 pk−1Apk−2 (15.25) 

=0 

3. Use 

pk = rk + βkpk−1 (15.26) 

T T T pKApj = rk Apj + βkpk−1Apk (15.27) 

TIf j < k − 1 then pk Apj = 0 by reduction. If j = k − 1 we need 

Trk Apk−1
βk = − 

Tpk−1Apk−1 

Tαkrk Apk−1 
= − (15.28) 

Tαkpk−1Apk−1 

Questions: 

T ? T rk (−αApk−1) = rk rk yes (15.29) 

T ? T rk−1rk−1 = pk−1(αApk−1) yes (15.30) 


