
Chapter 12


12.1 Bisection 

Idea: Find all eigenvalues in an interval. 

12.1.1 Tridiagonal Form 
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A = (12.1) 

Identify roots of p(x) = (A − xI), all roots distinct. 

Define A(k) = A1:k,1:k leading principal sub-matrices. 

Eigenvalues of A(k): λ
(k) 
j , k = 1, · · · , n, j = 1, · · · , k. Ordered λ

(k) 
1 < · · · < λ

(k) 
k . 

det(A(k)) = ak det(A(k−1)) − b2 
k−1 det(A(k−2)) (12.2) 

p(k)(x) ≡ det(A(k) − xI) 

= (akx)p(k−1)(x) − b2 
k−1p

(k−2)(x) (12.3) 

Eigenvalues of A(k) and A(k+1) interlace 
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Consider A = 
1 2 1 

1 −1 
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det(A(1)) = 1 (12.5) 

det(A(2)) = −1 (12.6) 

det(A(3)) = −3 (12.7) 

det(A(4)) = 4 (12.8) 

A(2)Therefore, A(1) has no negative eigenvalues, has one negative eigenvalue, A(3) has one 

negative eigenvalue, and A(4) has two negative eigenvalues. 

# of negative eigenvalues = # of sign changes in 1,det(A(1)), · · · ,det(A(n)) (12.9) 

Strum sequence 

Same argument to a shifted matrix. A − xI ⇒ eigenvalues in any interval. Cost O(m log �) per 

eigenvalue. 

12.2 Divide and Conquer 
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+ βZZT (12.10)= 
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+ WWT (12.11) 

Eigenvalues of D + WWT 

det(I + xy T ) = 1 + x T y (12.12)


det(D + WW t − λI) = 0 (12.13)


det( (D − λI) (I + (D − λI)−1WWT )) = 0 (12.14)


assume non zero 

1 + WT (D − λI)−1W = 0 (12.15) 

1 + 
n � Wj 

2 

dj − λ 
j=1 

= 0 secular equation (12.16) 

d1 d2 d3 d4 

Figure 12.1: Solving the Secular Equation. 

Cost O(m) per root O(m2). 

Total = O m 
�m�2 �m�2 

2 + 2 + 4 + · · · 
2 4 

= O(m 2) (12.17) 


