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Lecture 23: The Extension of ζ(s) to the whole 
plane and the Functional Equation 

(Text 214-217) 

See Riemann’s Collected Works p. 146. 
In Theorem 10 we consider the function z → (−z)s−1 with z outside the positive real 
axis R+ . Angles are measured from the positive real axis from −π to +π. Consider 
contour C. 

If z is on the upper part of the cut R+ , −z is below the negative real axis so 

s−1 −(s−1)πi arg(−z) = −π so (−z)s−1 = x e . 

If z is on the lower par of the cut R+ then −z is above the negative real axis so 
s−1 (s−1)iπ arg(−z) = +π so (−z)s−1 = x e . 
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