[i}Hopital's rule for O/OJ

Theorem. Suppose £f(x) —> 0 and g(x) —> 0 as
x —> a. If

fl

S a e

then also £(x)/g(x) —> L as x —> a.

This result holds whether a and 'L are finite or

infinite, and it also holds if the limits are one-sided.

Proof. The proof when a 1is finite is that given on
p. 295 of the text. The crucial step is to use Cauchy's
mean-value theorem to prove that g(x) # 0 for x near a,

and that

f(x) _ f£'(c)

g (x) g'(c)

for some ¢ between a and x. It follows that if
f'(x)/g'(x) approaches L as x —> a, then f£f(x)/g(x)
must approach L also. In the text, it is assumed that L
'is finite. But it does really not matter whether L is
finite or infinite; precisely the same proof applies.

The proof in the case a = += 1is given on p. 298 of
the text. Again, it is assumed that L is finite, but that
doesn't matter; if L is * = precisely the same proof
applies. O

Remark. L'Hopital's rule also works if £f(x) and

g(x) both approach = instead of 0. But the proof is more
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complicated. We shall give a proof shortly. The only cases of interest to us

concern the logarithm and the exponential. For these functions, a direct proof

is given on p. 301 of the text. Alternatively, they may be treated by using

L'Hopital's rule for the casew /g0, as we shall see.

The behavior of log and exp that we are concerned with is stated

in the following theorem:

Theorem. As x —> +», both log x and e*¥

approach

log x approaches = more slowly than any gésitive

ower of x, and e* approaches = more rapidly than any

positive power of X, the same holds for any positive powers of

x
log x and e . More precisely, if a and b are positive real

numbers, then

b x.b
lim 1o ax =0 and lim {e7) = +o0
Xed &= X Xp4¢* . xa

Corollary. The function 1log x goes to -« very slowly

as x goes to O. More precisely, if a is a positive real number, then

lim x2 logx = 0.
x=>0+
What dces this theorem mean? Note thﬁt for any function f£(x) that
goes to ¥ as x goes to @, a positive power of £(x), 'say [f(x)]a) goes
t0 0@ even more rapidly if the power a 1is large, and to goes to & more
slowly if a 1is small. This theorem séys that no matter.; how high a power b
you raise 1log x to,and how small a power a you raise x tg, the power of

log x will still go to @ more slowly than the power of x. Similarly, any
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b'd .
power of e% , no matter how small, will go to 20 Ffaster than any powar of i
S

B Y4

no mattar how large.

For example, even though for small values of x, the

.0001

graphs of the functions 1log x and x appear as in the

accompanying figure, it is still true that eventually the
.0001

function f(x) = x becomes much larger than log x.
c00]
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%:,&}x
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Similar graphs for the functions xl0,000 and e* can be

obtained by exchanging the axes in this figure. Although

x10,000 shoots up very rapidly to begin with, eventually e*

becomes much larger than xl0,000' (In fact, these curves
cross again between x = 105 and x = 106.)
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L’Hopital’s r

Theorem. Suppose f(x) +o and g(x) +o agsx~a. If

then also f(x) /g(x) — L as x — a.

—_—— e = ey e e e _— — e e T L 2

are one—sided. '

Proof. Case 1. We prove the theorem first in the case where a is finite and x —
a+.

The hypotheses of the theorem imply that f and g are defined and positive on some
inteﬁd of the form (a,b}, and that {* and g’ exjst and g’ # 0 on some such interval.

Let Xg be a fixed point of this interval. (We shall specify how to choose Xy latei'.)
Then let x be a point of this interval that is very close to a. Just how close will be
determined later. For now we merely require that a < x < x; and that f(x) > f(x;) and
g(x) > g(x;). (Since f and g go to m a3 x ~ a+, these inequalities hold if x is close enough to
a.) Then we compute.

Let us apply the C.auchy mean-value theorem to the interval [x,xo]. We conclude
that thereis a c withx < ¢ < X, such that

£ (0)lg(xg)-8(x)] = & (O)lf(xp)—4(x)]

or

£ (c)e(x)lg(xy)/a(x) —1] = g’ ()H(x)[ f(xq)/f(x)-1]

[(g(xo)/g(X)) - 1]
H _8 ((x)/ilx)) - 1
For convenience, let A(x) denote the expression in brackets; then

f(x) _f/(c
13- i

Oor

Note that A(x) - 1 as x = a+.
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Now we verify the theorem in the case where L is finite. By choosing X close to a,
we can ensure that {7(c)/g’(c) is close to L (since a < ¢ < x;)); then we can make A(x)
close to 1 by requiring that x be very close to 2. Then f(x)/g(x) will be close to L. The only
question is: how close is "close enough"? Let us set

e, = |(£(c)/g’(c)-L] and &= [A(x)-1].
Then
(*) {32011 = 1(Lee)(teedLl < ey + [Leyl + leyeyl.
This inequality tells us how to proceed. Suppose 0 < ¢ < 1. First, we choose X, S0 that for
all ¢ with a < ¢ <-x;, we have ¢; < /3. Now X is fixed. Then choose § > 0 so that for
a < x < a+4, we have g(x) > g(x;) and £(x) > f(x,) and
[ A(x)-1] = €5 < €/3(1+]|L}).
Then for a < x < a+4, inequality (*) tells us that
|§§}-L| = Ié{g—:}/\(x)—Ll g§+§+£§< ¢ as desired.

Finally, we consider the case where L is infinite. Given M > 0, we want to show
that f(x)/g(x) > M for x close to a. First, choose x,, so that for all ¢ with a < ¢ < x,, we
have f” (c)/g’(c) > 2M. Then choose § so that for a < x < a+4, we have g(x) > 8(x,) and
f(x) > f(x,) and A(x) > 1/2. It follows that, fora < x < a—i; 8, '

ég-} - g%)\(x) >Mi=M

We have now proved the rule in the case x -+ a+. The case x -+ a— follows readily, as

we now show. Note that as x approaches a from the left, u = a—x approaches 0 from the

right. Then
lim (f(x)/g(x)) = lim f(a—u)/g(a—u)
x-a— u-0+
" =lim (-1)f’(a—u)/(-1)g’ (a—u)
w04

=lim {'(x)/g’(x),
x+a—
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if the latter limit exists.
The case x - a, with a finite, follows from the two cases x - a+ and x - a—.
Finally, the case x - o follows from the computation
lim f(x)/g(x) =lim £(1/t)/g(1/t)
X2 o t~0+
. 2
=lim (=1/)(1/8)/(=1/tP)g (1/4)
t-0+
= lim {(x)/g’ (x),

X-o

if the latter limit exists. o

‘The behavior of log and exp]

We now derive the theorem on p. P.2 from L’Hopital’s rule. Consider first the log

function. Given ¢ > 0, we compute

lim(log x)/x¢ = lim x /ex®! by L'Hopital’s rule

X-o X-m

=lim 1/ex® = 0.
X~ o

Then we set ¢ = b/a and compute

lim (log x)a/xb = lim [log x/x°? = 0,

X~ m . X-o
as desired.

Now we consider the exp function. Given ¢ > 0, we compute

lim e /x = 1im ce®/1 by L’Hopital’s rule

X-mo X-o

Then we set ¢ = a/b and compute

a
lim (%) /xb = lim[ecx/x]b = o,
X-m X-m

as desired.

Finally, we note that
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lim x?logx =lim (1/t*)log(1/t)

x- 04+ oo
t-m ta'
as desired ]
Example. Although
lim x+8in x
X~ o X

assumes the indeterminate form o/w, L'Hopital’s rule does not apply, since the function

(14cos x)/1 oscillates rather than approaches a limit as x -+ ». However,

x+sin x _ sin x
—x St

which approaches 1 because |sin x | /x < 1/x for x > 0.
This example shows that the converse of L'Hopital's rule is not true.
For this is a case where f(x)— and g(x)—>® as x—>®, and f£(x)/g(x)

approaches a limit, even though £'(x)/g'(x) does not approach a limit.
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