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LUMPED-PARAMETER ELECTROMECHANICS 

PROBLEM 3.1 

This problem is a simple extension of that considered in Sec. 3.2, having 

the purpose of emphasizing how the geometric dependence of the electrical force


depends intimately on the electrical constraints.


Part a


The system is electrically linear. Hence, W' i Li and the force f

m 2_ 

that must be applied to the plunger is


f _fe 1 
Li 
o 

2a (+ x2 
a 

The terminal equation can be used to write this force in terms of X 

f = -fe = X2 /2aL 

Part b 

With the current constant, the force decreases rapidly as a function of 

the plunger gap spacing x, as shown by (a) and the sketch below


Z= cor1;50_'M 

x 
With the current constant, the drop in IH'dR! across the gap increases with x, 

and hence the field in the gap is reduced by increasing x. 

Part c 

By contrast with part b, at constant X, the force is independent of x 

ftm 



LUMPED-PARAMETER ELECTROMECHANICS 

PROBLEM 3.1 (Continued)


With this constraint, the field in the gap must remain constant, independent


of the position x.


PROBLEM 3.2


Part a


The terminal relations are


= S1V1 + S12 2 
(a)


2 = S2 1q1 + S22q2


Energy input can result only through


the electrical terminal pairs, because


the mechanical terminal pairs are


constrained to constant position. Thus,

8, 

We v= dq l+ v 2 dq 2 (b) 

First carry out this line integral along the contour A: from a-b, ql = 0, while 

from b-c, dq2 = 0. Hence, 

We = 2(0q2 )dq2 + 1v1(,Q 2 )dql (c) 
o o 

and using (a),


We =f 22 2dq2 + fJ (S1 1 q1 + S 1 2Q2 )dql (d) 
0 0 

and for path A,


1 2 2 
e 2 22 2 + 1 2 1 2 + 11 (e) 

If instead of path A, we use C, the roles of ql and q2 are simply reversed.


Mathematically this means 1+2 and 2+1 in the above. Hence, for path C


/ 1 2 2 
e 2 SllO + S212 1 + 222 f) 

(To use path B in carrying out the integration of (b), we relate q2 and ql


13 



LUMPED-PARAMETER ELECTROMECHANICS 

PROBLEM 3.2 (Continued) 

Q2 
q2 = 1 q1 

Then, (a) becomes,


12 2 S22 2 
v1 1 [Sl11 + '1 1 ]q11; v22 = [S2211 + Q q 1q1I 

and, from (b), where dq2 and Q2dql/Q1


e 
1I[ + S12Q2 1_ Q dq[S11 Q dq + [S21 S 2 2Q2 1 Q2e-o o 1 1 

1 2 1 1 1 2 
e = 2 11 1 2 I2Q21I + 21 S221 1Q22 + 2 2Q2 

Part b 

The integrations along paths A, B and C are the same only if S21 = S12 
as can be seen by comparing (e), (f) and (j). 

Part c 

Conservation of energy requires 

aW aW 
dW(qlq 2) = vldql + v2 dq 2 

d q l q d q 2 

Since ql and q2 are independent variables


e e 
1 =ql v2 = q 

Taking cross derivatives of these two expressions and combining gives


av
8v1 av2
3v2


3q2 3q 1


or, from (a), S12 = S2 1 '


PROBLEM 3.3


The electric field intensity between the plates is


E = v/a 
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PROBLEM 3.3 (Continued) 

Hence, the surface charge adjacent to the free space region on the upper


plate is


of = E v/a (b)


while that next to the nonlinear dielectric slab is


3 
V VOf=a -2 + 0 Y (c)afffi a + •o a 

It follows that the total charge on the upper plate is


dxE v 3 E V o av o 
q a + d(.t-x)[-- 3 + a ] (d) 

a 

The electric co-energy is

d£ v 22


W o + d(£-x)cv 4 (e)
W qdv = v d(-x)av
e 2a 4a 3 

Then, the force of electrical origin is


aw' 4

e e dav 

f = f (f)ax 4a3 

PROBLEM 3.4 

Part a


The magnetic field intensity in the gap must first be related to the 

excitation current. From Ampere's law, 

Ni = dHd + xH (a) 

where the fields Hd and Hx are directed counterclockwise around the magnetic 

circuit when they are positive. These fields are further related because 

the magnetic flux into the movable member must equal that out of it 

lowbHd I lowaHx (b) 

From these two expressions 

= da
H Ni/(i-- + x)
x b (c)




LUMPED-PARAMETER ELECTROMECHANICS 

PROBLEM 3.4 (Continued)


The flux linked by the electrical terminals is X NU awH which in view of


(c) 	 is N2a 

A = Li; L = (d)
da

- + x) 

Part b


The system is electrically linear. Hence, Wm X2/L (See Sec. 3.1.2b)


and from (d), da

S2 (-- + x) 

w ( 	 (e)m 2 N2a

Np aw


Part c 

From conservation of energy fe = -~W /3x, W =Wm(,x). Hence, 

2 2


Part d 

In view of (d) the current node equation can be written as (remember 

that the terminal voltage is dX/dt) 

-daa +i( x) 
I(t) = d + b (g)R dt N210aw 

Part e


The inertial force due to the mass M must he equal to two other forces, 

one due to gravity and the other fe. Hence, 

2 X22dx 1 
M d 2 = Mg 2 (h) 

dt N2oaw 

(g) and (h) are the required equations of motion, where (X,x) are the


dependent variables.




LUMPED-PARAMETER ELECTROMECHANICS


PROBLEM 3.5 

Part a 

From Ampere's Law 

H1 (a+x) + H2 (a-x) = N1il + N212 

Because fBnda = 0 

S 

loH1A1= oH2A2 

solving for H1 

NlH + N2 2 
1 A A 

1 1

a(l + -) + x(1 -

A A

2 2


Now the flux $ in each air gap must be the same because


$ = poH1 A1 jioH2 A2 

= 
and the flux linkages are determined to be Xi N1P and X2 = NO. Using


these ideas


AX = N2L(x)il + N1 N 2 L(x)i2


X2 = N2N L(x)i1 + N2L(x)i2


BoA1
=
where L(x) 

A A


a(l +


A2 A 2 )


Part b


From part a the system is electrically linear, hence


L(x)[ N2 + NIN2ii + 1 2 2 
W'm = 2lil 1 2 2*N21 2 ] 

pA 
where L(x) = 

A A 
a(l + ) + x(l 

A2 A2 



-  -

LUMPED-PARAMETER ELECTROMECHANICS 

PROBLEM 3.6


Part a 

Conservation of energy requires that


dW = idX - fedx (a) 

In addition, 

aw aW 
dW = - dX + -2 dx (b)ax ax 

so that 

w e = wi ; feW W (c) 

Now if we take cross-derivatives of these last relations and combine,


ai afe
S- e (d) 

This condition of reciprocity between the electrical and mechanical terminal 

pairs must be satisfied if the system is to be conservative. For the given 

terminal relations, 

ai I
oX + ( ) 3 2 

(e) 

o 0 

afe o ]/(1 + xf)2 
aX a 3 a

0 x 

and the system is conservative.


Part b


The stored energy is


I 2 4
1 10 1 4 

W = id = [ + i (g) 
_a x 2A 4 3 
a O
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I 
L , 

PROBLEM 3.7 

To find the co-energy from the 

electrical terminal relations alone,


we must assume that in the absence


of electrical excitations there is no


#o
force of electrical origin. Then, the	 L ,•6JO 

system can be assembled mechanically,


with the currents constrained to zero,


and there will be no contribution of " r

0 g ti L--dC 

co-energy in the process (see 

Sec. 3.1.1). The co-energy input through the electrical terminal pairs with the


mechanical system held fixed is


Wm lldil + 2Adi2 

For the path shown in the (il,i 2 ) plane of the figure, this becomes


W' = 	 i 2 2 (O,i)di +lil (i',i2)di

o o


amd in view of the given terminal relations, the required co-energy is 

c 4 	 a 4

W' -xi +bxxii +-xi

m 4 	x2i2 + b1X2i2il1 4 Xll1 

PROBLEM 3.8


Steps 	(a) and (b) establish the flux in the rotor winding.


X2=IL2 	 om 

With the current constrained on the stator coil, as in step (c), the current 

ii is known, and since the flux X2 is also known, we can use the second 

terminal equations to solve for the current in the rotor winding as a function


of the angular position


L 
2 = 2 [IO - I(t)cos8] 
2 L2 0 

This is the electrical equation of motion for the system. To complete the


picture, the torque equation must be found. From the terminal relations,


the co-energy is




LUMPED-PARAMETER ELECTROMECHANICS


PROBLEM 3.8 (Continued)


+ 12 	 12 
W'm ldil 12 di2 = 1i2 + ili2Lm cose + i2L (c)
m Jf1 1 2 2 2 11 12m 2222 

and hence, the electrical torque is


awl 
T 	 ae= = -ili2Lm sine (d) 

Now, we use this expression in the torque equation, with 12 given by (b) 

and ii = I(t) 

Jd26 IL2 

d = - m (I I(t)cose)sine (e)-

dt

2 L2 o 

This is the required equation of motion. Note that we did not substitute 

12 from (b) into the co-energy expression and then take the derivative with 

respect to 0. This gives the wrong answer because we have assumed in using 

the basic energy method to find the torque that il, 2 and e are thermodynamically 

independent variables. 

PROBLEM 3.9 

Part 	a


From the terminal relations, the electrical co-energy is (Table 3.1.1)


r 
m = Jdil + X2di2 (a) L~.1 

or 

Wm = ax2 i+bx2 xlili2 

1 2 4

+ 	 Cx2i 2 (b) 

Part 	b


It follows that the 	required forces are


awl
e ml 4 2 
f ,m -e = Iaxi + bx2 1i2 (c) 

awl1m1 
f2e = = 2bx xii + x2 42 (d) 
f2 Dx 2 2112 2 2 
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PROBLEM 3.9 (Continued) 

Part c 

There are four equations of motion in the dependent variables il,i 2,x1 and 

x2: two of these are the electrical voltage equations, which in view of the 

terminal equations for the A's, are 

d 2 3 2 
ilR1 = -dt(ax1il + bX2X1i2) (e) 

d 2 23 

v 2 (t)-i 2 R2 dt(bx 2li + cx 2i2 ) (f) 

and two are the mechanical force equations 

1 4 20 =- axlil + bX2 1 2 - Kx (g) 

1 4 dx2
0 = 2bx 2xlili2 + x22 dt (h) 

PROBLEM 3.10


Part a


Because the terminal relations are expressed as functions of the current


and x, it is most appropriate to use the co-energy to find the force. Hence,


W'm •dil + X di (a) 

which becomes,


1 2 .1 2(b) 2 

W' = - L=i + Ai 
m 2 0 1 2 2 o 2 b) 

From this it follows that the force is, 

Se 1 22 
2 2 (C) 

The currents ii and 12 and x will be used as the dependent variables. 

Then, the voltage equations for the two electrical circuits can be written, 

using thý electrical terminal equations, as 

d 2

el(t) iR 1 + d(Loil + Aili2x) (d)


e2'(t) i2R + d(Ai1i2x + Loi2) (e)


21




LUMPED-PARAMETER ELECTROMECHANICS


PROBLEM 3.10 (Continued) 

The equation for mechanical equilibrium of the mass M is the third equation 

of motion 
2 1 22 

Md 
2dt o 2 

Ai i21 2 

PROBLEM 3.11


Part a


The electrical torques are simply found by taking the appropriate


derivatives of the co-energy (see Table 3.1.1) 

T= m = -M sin8cos i11 2 	 (a) 

awl 
T2 =. = -M cosOsin* i1 2 (b) 

Part b 

The only torques acting on the rotors are due to the fields. In view 

of the above expressions the mechanical equations of motion, written using 

8,p, 11 and 12 as dependent variables, are 

J 	 - = -M sinecos$p11 2 (c) 
dt 2 

J2 = -M cosOsin*• i (d) 

dt 

Remember that the terminal voltages are the time rates of change of the res


pective fluxes. Hence, we can make use of the terminal equations to write


the current node equations for each of the circuits as


l(t) = C 
dt 

(Llil + Mi 2 coscoscos) + iI (e) 

I2(t) = G (Mi1cosOcos + L2 i) + 12 

Thus, we have four equations, two mechanical and two electrical, which involve 

the dependent variables 8,P, ii and 12 and the known driving functions 

I1 and 12. 



LUMPED PARAMETER-ELECTROMECHANICS 

PROBLEM 3.12 

We can approach this problem in two ways. First from conservation of 

energy, 

dW = Aldil + 2di2 + Xdi m 1 1 2 2 3 3 

aw' aW' aW' 
m+ di2 + m di 

m ai 1 1 2 3 

Hence, aw'
m aW'

m2 
aw' 
Mi


=atSail 2 2 
S3 3 

Taking combinations of cross-derivatives, this gives


aAI ax a32 3xi1 2

' •i •


a12 1 Di 3 3i 2 
13I 33 

L12 L2 1 ; L2 3 = L3 2 ; L3 1 = L13 

Another way to show the same thing is to carry out the integrations along 

the three different paths shown 

Since


wm ff 1diI + A2 di 2 + x3 di 3 
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PROBLEM 3.12 (Continued) 

these paths of integration lead to differing results. For path (a), we


have 

1 2 1 2 1 2 

m 2111 21li2 L22i2 L31Y13 32i2i3 2 L3313 

(g) 

while for path (b) 

1 2+ + 1 L 2+ 1 2 +L i +L (h) 
m 2 L2212 L32i2i3 2 33i L2 i + L122 1 L3i31 (h) 

and path (c) 

W 1 2 + 1L 1 2 +L ii +L ii + L 2 +L ()

m 2 L3313 2 L11 + L133il + L211 22L222 L23 3i2 

These equations will be identical only if (e) holds. 

PROBLEM 3.13 

Part a 

When 8 = 0, there is no overlap between the stator and rotor plates, 

as compared to complete overlap when 8 = w/2. Because the total exposed 

area between one pair of stator and rotor plates is ITR2/2, at an angle 6 

the area is 

A =R 8 R2 (a) 

There are 2N-1 pairs of such surfaces, and hence the total capacitance is


C (2N-1)8R2 o/g (b) 

The required terminal relation is then q = Cv. 

Part b


The system is electrically linear. Hence, We Cv2 and


eW' (2N-1)R C v

Te e o (C)T (c)

ae 2g 

Part c


There are three torques acting on the shaft, one due to the torsional


spring, the second from viscous damping and the third the electrical torque.
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PROBLEM 3.13 (Continued)


d2 	 de 1 v2 (2N-I)R2EJ 	d = -K(e-a) - B d + (d) 

dtdt2 dt 2 g 

Part d


The voltage circuit equation, in view of the electrical terminal equation


is simply

(2N-1)R28s v 

V (t)
0 

R d
dt g 

o ]+ v (e) 

Part e 

When the rotor is in static equilibrium, the derivatives in (d) vanish


and we can solve for O-a,


V2 (2N-1)R2E
8-a = o o 	 (f)

2gK 

This equation would comprise a theoretical calibration for the voltmeter if


effects of fringing fields could be ignored. In practice, the plates are shaped


so as to somewhat offset the square law dependence of the deflections.


PROBLEM 3.14


Part a


Fringing fields are ignored near the ends of the metal coaxial cylinders.


In the region between the cylinders, the electric field has the form 

E = Air/r, where r is the radial distance from the axis and A is a constant 

determined by the voltage. This solution is both divergence and curl free, 

and hence satisfies the basic electric field equations (See Table 1.2) 

everywhere between the cylinders. The boundary conditions on the surfaces of 

the dielectric slab are also satisfied because there is no normal electric field 

at a dielectric interface and the tangential electric fields are continuous.


To determine the constant A, note that 

b 	Erdr = -v = Aln(-); A = -v/ln( (a) 

The surface charge on the inner surface of the outer cylinder in the regions


adjacent to free space is then 
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PROBLEM 3.14 (Continued)


VE 
o o (b) 

In -)b 

while that adjacent to regions occupied by the dielectric is


af (c) 
In( )b 

It follows that the total charge on the outer cylinder is


q = v [L(c +E)-x(E--E )] (d) 
In (

Part b


Conservation of power requires


dW

v d + f dx (e)


dt dt e dt


Parts c and d


It follows from integration of (c) that


2 
Iq__ W 1 2 

e W 
2 C or W'e =Cv2 v (f) 

where


C = [L(E +E)-x(Ec- )] 
In() o o 

Part e


The force of electrical origin is therefore


awl 
fei 

ýx
e 12 2 b (C-EC o) (g) 

Part f


The electrical constraints of the system have been left unspecified.


The mechanical equation of motion, in terms of the terminal voltage v, is


d2x = 1
M d 2x -K(x-k)- 2ib

v2n 
(E-, ) (h)


dt 2 2 In( -)a 
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PROBLEM 3.14 (Continued)


Part 	g 

In static equilibrium, the inertial term makes no contribution, and (h) 

can be simply solved for the equilibrium position x. 

1V2Tr(-C )
x=-	 2 o o (i) 

2 K b
K In(-) 

PROBLEM 3.15 

Part 	a


Call r the radial distance from the origin 0. Then, the field in the gap 

to the right is, (from Ampere's law integrated across the gaps at a radius r


H = 	Ni/(O-a-e)r (directed to the right)


(a)


and to the left 

H = 	 Ni/(B-a+8)r (directed to the left) 

(b) 

These fields satisfy the conditions that VxH =0 and VB*=0 in the gaps. The 

flux is computed by integrating the flux density over the two gaps and multiply

ing by N 

S=DN (H + Hr)dr 	 (c) 
a


which, in view of (a) and (b) becomes,


S= Li, L = p DN21n(b) 1	 (d)So a -•+ -] 

Part 	b


The system is electrically linear, and hence the co-energy is simply


(See Sec. 3.1.2b)


W' = Li2 	 (e)
m 2


Part 	c


The torque follows from (e) as 
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PROBLEM 3.15 (Continued)


e 	 1 oDN21n(b)[ 1 1 2 (f)


2 (a+e)2 (B-a-)2


Part d


The torque equation is then


J2d-2= -K6 + Te (g) 
dt 

Part e


This equation is satisfied if e=0, and hence it is possible for the wedge


to be in static equilibrium at this position.


PROBLEM 3.16 

We ignore fringing fields. Then the electric field is completely between 

the center plate and the outer plates, where it has the value E = v/b. The 

constraints on the electrical terminals further require that v.= V -Ax. 

The surface charge on the outer plates is E v/b and hence the total 

charge q on these plates is 

de 
q = 2(a-x) bv (a) 

It follows that the co-energy is


e b


and the electrical force is


aW' de

fe 	 e o2 (c) 

ax b


Finally, we use the electrical circuit conditions to write


dE

fe 	 do (V -AX)2 (d)


b 0 

The major point to be made in this situation is this. One might substitute the


voltage, as it depends on x, into (b) before taking the derivative. This clearly


gives an answer not in agreement with (d). We have assumed in writing (c) that


the variables (v,x) remain thermodynamically independent until after the force


has been found. Of course, in the actual situation, external constraints
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PROBLEM 3.16 (Continued) 

relate these variables, but these constraints can only be introduced with care


in the energy functions. To be safe they should not be introduced until after


the force has been found.


PROBLEM 3.17


Part a 

The magnetic field intensities in


the gaps can be found by using Ampere's


law integrated around closed contours


passing through the gaps. These give


Hg = N(i + i2)/g (a)


H1 = Nil/d (b)


H2 = Ni2/d (c) 

In the magnetic material, the flux densities are 

B1 3 1 od 
1 3 + d 

d


33 
N 2 o2Ni 

2 3 + dd 

The flux linking the individual coils can now be computed as simply the 

flux through the appropriate gaps. For example, the flux A1 is 

AX= ND[9,Hg + x1 Hl+(£-x)B ] (f) 

which upon substitution from the above equations becomes the first terminal relation. 

The second is obtained in a similar manner. 

Part b


The co-energy is found by integrating, first on ii with 12 = 0 and then 

on i2withil fixed at its final value. Hence, 
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PROBLEM 3.17 (Continued) 

Wm= 	 fldl + X2 di2 (g) 

1 d2 1 x 4 d 
= (1+ g +-LoB(1 - )i + Lo 

1 L 4 1 di 
+•1Lo i +1 L(1+d)i

4 o 2 2 o g 22 

Part c (*-) 

The force of electrical origin follows from the co-energy functions as, 

fe 1 L 4 +1 Lo 4
S=-	 Lo i +---- 1 (h)4 o t 1 4 t 2


PROBLEM 3.18


Part 	a


Assuming simple uniform E fields 

in the gaps
 '4 	 Vr 
= E1 = (V -Vr)/g; E2 V /d = E3 )Q~9 / 60,~jOb 

E = E5 = Vr/d 

These 	fields leave surface charge-densities 'on the top electrodes


01 = 	 Eo(Vt-Vr)/g, 02 = c o Vt/d 

a 3 = [a(V /d) + Co (V9/d) 

04 = [a(Vr/d)2 + e ](Vr/d) 

a5 = C (V /d) 

These 	surface charge densities cause net charges on the electrodes of


3 
owb owLV V 

q = - (-V) + d + aw(L-x) ) 

owb wcL V 

r (V ) + Vr + w(x-g)(d ) 
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PROBLEM 3.18 (Continued)


Part b 

1 2 
W' = 

o qdV + fo qrdVr 

q2=0 q1 1 

VV

Ew(b + ) 4-Ew(+-)y- ow(L-x)d d2 4 

SV 2 wb Va 
+ EW( + 

f [ 
) o V 

Y. r 
ci(x-)d (r)

4 d 
awl owd Vr V 

e [ ) ] (pulled to side with more voltage) 

PROBLEM 3.19 

Part a


The rotating plate forms a simple capacitor plate with respect to the 

other two curved plates. There is no mutual capacitance if the fringing fields 

are ignored. For example, the terminal relations over the first half cycle 

of the rotor are 

(ct+O)RDov1 (a-e)RDeoV 2

=
-a<O<a; q ; 2 Aa)


2aRDEoV1 
a<<-c-a; 12l = o ; = 0 (b) 

So that the co-energy can be simply written as the sum of the capacitances 

for the two outer electrodes relative to the rotor. 

1 2 1 2 
e 2 C1Vl + 2 C2v2 

The dependence of this quantity on 6 is as shown below 

dAID .- / 

TTa. 
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PROBLEM 3.19 (Continued) 

Part b


The torque is the spatial derivative of the above function


Te 

Part c 

The torque equation is then 

Sd2 Te 
Jd = Te


dt 2 

where Te is graphically as above. 

PROBLEM 3.20 

*Part a 

The electric energy is


w e 2 q2/C (a) 

where 
EX 

C = EA/d(l-+ C-) (b) 

It follows that the force on the upper plate due to the electric field is, 

aW 2ffe e 1 --.-f=f 
ax 2 E A

0 

So long as the charge on the plate is constant, so also is the force.
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PROBLEM 3.20 (Continued)


Part b


The electric co-energy is


W' Cv2 	 (c)

e 2 

and hence the force, in terms of the voltage is


aw'2 	 2 
_ffe e = 1 V2e2A 

ax 2 2 

e d-E (l + c dix 	 0 

The energy converted to mechanical form is f fe dx. The contribution to this 

integral from d+c and b+a in the figure is zero. Hence, 

J2d/e

Energy converted to mechanical form fe(2QX)d


EOd/d


+ddQoI 0 2 

J d2 Acfe( o,x)dx =- 3 de

2c d/E


0 

That is, the energy 3dQ /2Ac is converted from mechanical to electrical form.


PROBLEM 3.21


Part a 

The magnetic energy stored in the coupling is


W 1 X2 /L 	 (a)m 2 

where L = L /(l 	+ X)o a


Hence, 	in terms of X, the force of electrical origin is 

_f=fe= m x_2/2aL (b) 
ax o 
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PROBLEM 3.21 (Continued) 

Part b 

According to the terminal equation, i depends on (X,x) according to 

S= (1+ ) 
L a


0 

Thus, the process represented in the X-x plane has the corresponding path


i hU i A lLL 
I 

n t e - p ane i 

b 

Path c A, 

At the same time, the force traverses a loop in the f-x plane which, 

from (b) is, 

4 

LOD 
-- -- - ID 

F'
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PROBLEM 3.21 (Continued) 

Part d


The energy converted per cycle to mechanical form is ffedx. Hence,


Energy converted to mechanical form = fedx + fAfedx (d) 

2 2 
= -(1 2 -_x)(X2-X1 )/2aLo (e) 

That is, the energy converted to electrical form per cycle is 

(X2_ 1 ) (X2-X 1 )/2aLo. (Note that the energy stored in the coupling, summed 

around the closed path, is zero because the coupling is conservative.) 

PROBLE• 3.22 

Part a 

The plates are pushed apart by the fields. Therefore energy is converted 

from mechanical form to either electrical form or energy storage in the 

coupling as the plate is moved from Xb to Xa . To make the net conversion 

from mechanical to electrical form, we therefore make the current the largest 

during this phase of the cycle or, I >12 

Part b


With the currents related as in part a, the cycle appears in the i-x plane


as shown


I-

a & 
1l,


-11


u 

·- T 'V 
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PROBLEM 3.22 (Continued) 

Quantitatively, the magnetic field intensity into the paper is H = I/D so that 

X = pIxh/D. Hence, 
S x n 2


m 
S'= 

2 (- D
- ) I 

aw' o h


fe m =1 o 2 
ax 2 D 

Because the cycle is closed, there is no net energy stored in the coupling,


and the energy converted to electrical form is simply that put in in mechanical


form:


B D 
Mechanical to electrical energy per cycle = - fedx - fedx (c) 

A C 

I= J -X) 2h 2 (d) 

Part c 

From the terminal equation and the defined cycle conditions, the cycle


in the A-x plane can be pictured as


L h1/t 

--- C 

7 
_· 

The energy converted to electrical form on each of the legs is
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PROBLEM 3.22 (Continued) 

p oI°IlX h/D oI2 h 

(A--+B) - Ild =- ld =- D ) (e) 

foI1Xbh/D D XaXb 

j II X hX h/D 

(B-.C) - id X ° a 1 Xah D 2 1

(B-+C) -idX Io 2 ah XDdX oa (2 2 (f) 

alXh/Doa 

2 

(C-D) - 1 22 d = (Xa-Xb) (g) 

(D-+A) - idX = 2Db (o2 2) (h) 

The sum of these is equal to (c). Note however that the mechanical energy in


put on each leg is not necessarily converted to electrical form, but can be


stored in the coupling.





