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Lecture #7 03/01/2017

7 'Torsion subgroups and endomorphism rings

7.1 The n-torsion subgroup E[n]

Having determined the degree and separability of the multiplication-by-n map in the pre-
vious lecture, we can now determine the structure of E[n| as a finite abelian group. Recall
that any finite abelian group G can be written as a direct sum of cyclic groups of prime
power order (unique up to ordering). Since #E[n] always divides deg[n] = n?, to determine
the structure of E[n] it suffices to determine the structure of E[¢¢] for each prime power ¢¢
dividing n.

Theorem 7.1. Let E/k be an elliptic curve and let p = char(k). For each prime {:

g = [HERORICT iy,
| z/ez or {0} if ¢ =p.

Proof. We first suppose ¢ # p. The multiplication-by-¢ map [¢] is then separable, and we
may apply Theorem 6.7 to compute #E[(] = # ker[(] = deg[¢] = ¢?. Every nonzero element
of E[¢] has order ¢, so we must have E[{| ~ Z/{Z & Z/lZ. If E[t¢] ~ (P)) & --- & (P,) with

each P; € E(k) of order ¢% > 1, then
El)~ (¢ 'Py@ - @ (("'P) = (Z/IZ)",

thus r = 2 (this argument applies to any abelian group G: the f-rank r of G[¢¢] must be
the same as the ¢-rank of G[{]). It follows that E[¢¢] ~ Z/{°Z @& Z/I°Z, since we have
#E[(°] = # ker[¢¢] = deg[¢¢] = ¢2¢ and E[(°] contains no elements of order greater than /¢.

We now suppose ¢ = p. Then [{] is inseparable and its kernel E[¢] has order strictly less
than deg[(] = (2. Since E[f] is a f-group of order less than ¢2, it must be isomorphic to
either Z/¢Z or {0}. In the latter case we clearly have E[¢¢] = {0} and the theorem holds, so
we now assume E[l] ~ Z/(Z. If E[{] = (P) with P € E(k) a point of order /, then since the
isogeny [¢] : E — E is surjective, there is a point QQ € F(k) for which £Q = P, and the point
Q then has order 2. Tterating this argument shows that E[(¢] contains a point of order £¢,
and by the argument above it has f-rank 1, so we must have E[¢¢] ~ Z/(°Z. O

The two possibilities for F[p] admitted by the theorem lead to the following definitions.
We do not need this terminology today, but it will be important in the weeks that follow.

Definition 7.2. Let E be an elliptic curve defined over a field of characteristic p > 0. If
E[p] ~ Z/pZ then FE is said to be ordinary, and if E[p] ~ {0}, we say that E is supersingular.

Remark 7.3. The term “supersingular" is unrelated to the term “singular" (recall that an
elliptic curve is nonsingular by definition). Supersingular refers to the fact that such elliptic
curves are exceptional.

Corollary 7.4. Let E/k be an elliptic curve. Every finite subgroup of E(k) is the direct sum
of at most two cyclic groups, at most one of which has order divisible by the characteristic p
of k. In particular, when k = F, is a finite field of characteristic p we have

EF,) ~Z/mZ & Z/nZ

for some positive integers m,n with m|n and p t m.
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Proof. Let p be the characteristic of k, and let T be a finite subgroup of E(k) of order n. If
ptn,then T C E[n] ~ Z/nZ ® Z/nZ can clearly be written as a sum of two cyclic groups.
Otherwise we may write T' ~ G @ H where H is the p-Sylow subgroup of 7', and we have
G C E[m| ~ Z/mZ & Z/mZ, where m = |G| is prime to p and H has p-rank at most 1. It
follows that T' can always be written as a sum of at most two cyclic groups, at most one of
which has order divisible by p. O

Now that we know what the structure of E(F,) looks like, our next goal is to bound its
cardinality. We will prove Hasse’s Theorem, which states that

#E(Fq) =q+1—1,

where [t| < 2,/g. To do this we need to introduce the endomorphism ring of £.

7.2 Endomorphism rings

For any pair of elliptic curves E;/k and Esy/k, the set hom(E1, E2) of homomorphisms from
Eq to Es (defined over k) consists of all morphisms of curves F1 — Es that are also group
homomorphisms E1(k) — Es(k); since a morphism of curves is either surjective or constant,
this is just the set of all isogenies from E7 to E5 plus the zero morphism. For any algebraic
extension L/k, we write homy(E1, F3) for the homomorphisms from E; to Eo that are
defined over L.!

The set hom(E1, Es) forms an abelian group under addition, where the sum o + 3 is
defined by

(a+ B)(P) = a(P) + 5(P),

and the zero morphism is the identity. For any « € hom(E7, Es) we have
a+--+a=na=[n]oa,

where [n] is the multiplication-by-n map on Ej. Provided a and n are nonzero, both [n]
and « are surjective, as is na, thus na # 0. It follows that hom(E, E2) is torsion free (but
hom(E, E2) = {0} is possible).

Definition 7.5. Let E/k be an elliptic curve. The endomorphism ring of E is the additive
group End(F) := hom(F, F) with multiplication defined by composition (so af = a o 3).

Warning 7.6. Some authors use End(E) to mean Endj(FE) rather than Endy(E).

To verify that End(FE) is in fact a ring, note that it has a multiplicative identity 1 = [1]

(the identity morphism), and for all «, 8,7 € End(E) and P € E(k) we have

((a+B)N(P) = (a+ B)(v(P)) = a(v(P)) + B(v(P)) = (ay + 57)(P)
(v(a+8))(P) = y(a(P) + B(P)) = v(a(P)) +v(B(P)) = (ya +1B)(P),

where we used the fact that « is a group homomorphism to get the second identity.

For every integer n the multiplication-by-n map [n] lies in End(E), and the map n +— [n]
defines an ring homomorphism Z — End(E), since [0] = 0,[1] = 1, [m] + [n] = [m + n]
and [m|[n] = [mn]. As noted above, hom(F, E) is torsion free, so the homomorphism

!Technically speaking, these homomorphisms are defined on the base changes E1, and Ea, of E; and
E to L, so homp (E1, E») is really shorthand for hom(E;, , Es; ).
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n +— [n] is injective and may regard Z as a subring of End(FE); we will thus feel free to
write n rather than [n] when it is convenient to do so. Note that this immediately implies
that the multiplication-by-n maps commute with every element of End(E). Indeed, for any

a € End(F) and P € E(k) we have
(o [n])(P)=a(nP)=a(P+---+P)=a(P)+---+ a(P) =na(P) = ([n] o a)(P).

When k = F, is a finite field, the g-power Frobenius endomorphism 7 also commutes with
every element of End(F). This follows from the basic fact that for any rational function
r € Fy(z1,...,2,) we have r(x1,...,2,)7 = r(af,...,2%), and we can apply this to the
rational maps defining any o € End(E). Thus the subring Z[rg] generated by np lies in
the center of End(F).

Remark 7.7. It can happen that Z[rg| = Z. For example, when E[p] = {0} and q = p?
the multiplication-by-p map [p] is purely inseparable and [p] is necessarily the composition
of m? = 7 with an isomorphism. This isomorphism is typically [+1], in which case 7 € Z.

For any nonzero «, € End(E), the product a8 = avo 3 is surjective, since o and 3 are
both surjective; in particular, a3 is not the zero morphism. It follows that End(FE) has no
zero divisors, so the cancellation law holds (on both the left and the right, a fact we will
freely use in what follows).

7.3 The dual isogeny

To further develop our understanding of endomorphism rings (and isogenies in general)
we now introduce the dual isogeny, whose existence is given by the following theorem. In
our proof of the theorem we will appeal repeatedly to Theorem 6.10, which guarantees
the existence of a separable isogeny with any given finite kernel, which is unique up to
isomorphism. This implies that if a: By — E5 and o/: By — E3 are separable isogenies
with the same kernel then there is an isomorphism ¢: F3 — Fs such that o/ = toa. We will
also make use of the fact that the kernel of an isogeny a:: Fhy — FE»o of degree n is necessarily
a subgroup of Ej[n]: by Theorem 6.7, # ker o = deg, « is a divisor of n = dega, so every
P € ker o has order dividing n and is therefore an n-torsion point (satisfies nP = 0).

Theorem 7.8. For any isogeny a: E1 — FEs there exists a unique isogeny &: Eo — FEq for
which & o a = [n], where n = deg a.
Proof. Let us first note that uniqueness is immediate: if aj oov = g o then a1 (P) = aa(P)
for all P € Fs(k) (since « is surjective), and this implies that the rational maps defining a4
and az must be the same, since they agree on all of the infinitely many points P € Fa(k).
To prove existence we proceed by induction on the number of prime factors (counted with
multiplicity) of n. Let p be the characteristic of the field k& over which F; and Fs are defined.
If n = 1 then « is an isomorphism, & = a~! is the inverse isomorphism, and & oo = [1].
If o has prime degree ¢ # p, then « is separable and a(F1[f]) is a subgroup of Eo(k) of
cardinality deg[f]/dega = (?/¢ = (. Let o/ : E5 — E3 be the separable isogeny with a(E[(])
as its kernel. The kernel of o/ o v is then E[¢], and since [¢]: F; — E} is a separable isogeny
with the same kernel, there is an isomorphism ¢: F3 — Fj for which ¢ 0 o/ o = [{]; putting
& :=10da yields & oa = [{] as desired.
When « has prime degree equal to the characteristic p there are two cases.
Case 1: If « is separable then ker av is a subgroup of Ej[p] of order p, which is the largest
possible size of Fj[p| in characteristic p (by Theorem 7.1), so keraw = E4[p| ~ Z/pZ and
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deg,[p] = p. Now deg[p] = p?, so by Corollary 6.4 we have [p] = o/ o 7 for some separable
isogeny o': Egp) — Fp of degree p, where m: Fy — E{p) is the p-power Frobenius mor-
phism.? We have m 0 a = a® o 7, where a®: E§p) — Eép) is obtained by replacing each
coefficient of « by its pth power. We have

ker(aP) o 1) = ker(my 0 o) = ker a = ker [p] = ker(a o 1),

since the Frobenius morphisms m; and w9 have trivial kernel, and it follows that a® and o
are separable isogenies with the same kernel. There is thus an isomorphism ¢: Eép ) E

such that o/ =10 a). If we now put & = ¢ o m then
Goa=tomoa=toa®or =ad om = [p).

Case 2: If « is inseparable then we must have o = ¢ o 7w for some isomorphism ¢. If
E[p] = {0} then [p] is purely inseparable of degree p?, so [p] = ¢/ o 7% for some isomorphism
/', and we may take & = ' o o1~ !. If E[p| ~ Z/pZ then [p] = o’ o 7 for some separable
isogeny o' of degree p and we may take & = o/ o1,

If n is composite then we may decompose « into a sequence of isogenies of prime degree
via Corollary 6.11. It follows that we can write a = @ o ag, where a1, as have degrees
ni,ng < n with ning = n. Let & = &g o &1, where the existence of &; and &s is given by
the inductive hypothesis. Then

Gdoa=(Ggody)oa=dr0d0ar0ay =dy0[n]oay=dsoaso[ni]=[nsolni=n|,

where [n1] o ag = ag o [n1] because for any P € E(k) we have
(ago[n1])(P) = aa(niP) = aa(P+---+P) = az(P)+- - -+a2(P) = njaz(P) = ([n1]oaz)(P),

since «g is a group homomorphism (note that above we have used [n;] to denote the
multiplication-by-n; map on different elliptic curves in the argument above). O

Definition 7.9. The isogeny & given by Theorem 7.8 is the dual isogeny of «.

Remark 7.10. There is a general notion of a dual isogeny for abelian varieties of any
dimension. If we have an isogeny of abelian varieties ac: A1 — As then the dual isogeny

% AQ —)Al,

is actually an isogeny between the dual abelian varieties Ay and A;. We won't give a
definition of the dual abelian variety here, but the key point is that in general, abelian
varieties are not isomorphic to their duals. But abelian varieties of dimension one (elliptic
curves) are self-dual. This is yet another remarkable feature of elliptic curves.

As a matter of convenience we extend the notion of a dual isogeny to hom(E1, Eq) and
End(F) by defining 0 = 0, we define deg0 = 0, which we note is consistent with 000 = [0]
and the fact that degrees are multiplicative.

Lemma 7.11. For an isogeny o of degree n we have deg & = dega = n and
aohd =d&oa=/|n],

thus & = . For any integer n the endomorphism [n] is self-dual, that is, [n] = [n].

°If By: y? = 2® + A1z + By then E\P) denotes the elliptic curve E\P: y? = 2% + APz + BP.
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Proof. The first statement follows from (deg &)(deg ) = deg [n] = n?. We now note that

~ ~

(dod)oa=ao(Gdoa)=ao[n]=[n|oa,

and therefore a o & = [n]; since the isogenies involved are all surjective, it follows that we
can cancel o on both sides to obtain « o & = [n]. The last statement follows from the fact
that [n] o [n] = [n?] = [degn]. O

The one other fact we need about dual isogenies is the following.
Lemma 7.12. For any «, 8 € hom(F;, E2) we have oz/+\ﬁ =a+ 6.

Proof. We will defer the proof of this lemma — the nicest proof uses the Weil pairing, which
we will see later in the course. O

We now return to the setting of the endomorphism ring End(FE) of an elliptic curve E/k.
Lemma 7.13. For any endomorphism «a we have a + & = 1 + dega — deg(1 — «).

Note that in the statement of this lemma, 1 — & denotes the endomorphism [1] — « and
the integers dega, and deg(l — «) are viewed as elements of End(FE) via the embedding
Z — End(F) defined by n +— [n]

Proof. For any a € End(E) (including o = 0) we have
degl—a)=T—-a)l-a)=(-a)(1-a)=1-a)(1-a)=1—(a+ &)+ deg(a),
and therefore o + & = 1+ deg v — deg(1 — «). O

A key consequence of the lemma is that a + & is always a multiplication-by-t map for
some integer t € Z.

Definition 7.14. The trace of an endomorphism « is the integer tr o := a + &.

Note that for any o € End(E) we have tr & = tr o, and deg & = deg . This implies that
«a and & have the same characteristic polynomial.

Theorem 7.15. Let o be an endomorphism of an elliptic curve. Both o and its dual & are
roots of the polynomial
A — (tra)\ +dega = 0.

Proof. o® — (tra)a +dega = a? — (a + &)a + éa = 0, and similarly for 4. O

7.4 Endomorphism restrictions to E|n|

Let E be an elliptic curve over a field of characteristic p (possibly p = 0). For any a €
End(E), we may consider the restriction «, of a to the n-torsion subgroup E[n|. Since
« is a group homomorphism, it maps n-torsion points to n-torsion points, so «, is an
endomorphism of the abelian group E[n], which we view as a free (Z/nZ)-module.
Provided n is not divisible by p, we have FE[n] ~ Z/nZ @ Z/nZ with rank 2, and we
can pick a basis (P, P») for E[n] as a (Z/nZ)-module, so that every element of E[n] can
be written uniquely as a (Z/nZ)-linear combination of P; and P, — it suffices to pick any
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Py, P, € E[n| that generate E[n] as an abelian group. Having fixed a basis for E[n], we may
represent a,, as a 2 X 2 matrix [‘é 3], where a, b, c,d € Z/nZ are determined by

Oé(Pl) = aP1 + bPQ,
OL(PQ) =cP +dPs.

This matrix representation depends on our choice of basis but its conjugacy class does not;
in particular the trace tr oy, and determinant det «, are independent of our choice of basis.

A standard technique for proving that two endomorphisms « and 3 are equal is to prove
that o, = /3, for some sufficiently large n. If n? is larger than the degree of o — 3, then
oy, = By, implies ker(a — B) > deg(a — [3), which is impossible unless a — f = 0, in which
case « = 3. To handle situations where we don’t know the degree of & — 3, or don’t even
know exactly what 8 is (maybe we just know f3,,), we need a more refined result.

Lemma 7.16. Let a and B be endomorphisms of an elliptic curve E/k and let m be the
mazimum of deg o and deg 8. Let n > 2\/m + 1 be an integer prime to the characteristic of
k, and also relatively prime to the integers deg o and deg 5. If ay, = By then o = .

Proof. We shall make use of the following fact. Let r(z) = u(x)/v(z) be a rational function
in k(z) with v L v and v monic. Suppose that we know the value of r(z;) for N distinct
values x1,...,zn for which v(z;) # 0. Provided that N > 2max{degu,degv} + 1, the
polynomials u,v € [x] can be uniquely determined using Cauchy interpolation; see |1, §5.8|
for an efficient algorithm and a proof of its correctness. In particular, two rational functions
with degrees bounded by N as above that agree on N distinct points must coincide.

Now let a(x,y) = (Z((g, ‘Zg))y> be in standard form, with v | v, and v monic. If we
know the value of a(P) at 2dega + 2 affine points P ¢ ker a with distinct z-coordinates,

then we can uniquely determine u and v. For each zo € k at most 2 points P € E(k) have
x-coordinate g, so it suffices to know «(P) at 4 deg v + 4 affine points not in ker a.

For n > 2\/m + 1 we have n? > 4m + 4/m + 1, and E[n] contains n? — 1 > 4dega + 4
affine points, none of which lie in ker «, since # ker « divides deg o which is coprime to n.

Thus a, uniquely determines the z-coordinate of a(P) for all P € E(k). The same argument

applies to 3, and 3, hence a(P) = £5(P) for all P € E(k). The kernel of at least one of
a+ B and a — (8 is therefore infinite, and it follows that a = +.

We have n? > 4dega > 4, which implies that a(P) cannot lie in E[2] for all P € E[n]
(since #FE[2] = 4). Therefore a(P) # —a(P) for some P € E[n], and for this P we have
a(P) # —a(P) = —ay(P) = —Bn(P) = —B(P), so a # —f and we must have o = f. O

The following theorem provides the key connection between endomorphisms and their
restrictions to E[n].

Theorem 7.17. Let « be an endomorphism of an elliptic curve E/k and let n be a positive
integer prime to the characteristic of k. Then

tra = tray, mod n and deg o = det o, mod n.

Proof. We will just prove the theorem for odd n prime to deg « such that n > 2/dega + 1,
which is more than enough to prove Hasse’s theorem. The general proof relies on properties
of the Weil pairing that we will see later in the course.

We note that the theorem holds for a = 0, so we assume a # 0. Let n be as above and let
t, = tra mod n and d,, = deg @ mod n. Since o and & both satisfy A2 — (tr )\ +dega = 0,
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both a;, and &, must satisfy A\ — t,\ + d,, = 0. It follows that o, + &, and a,d, are the
scalar matrices t,I and d,I, respectively. Let o, = [‘é 3], and let 9,, = det a,,. The fact
that &,ap = dpl # 0 with d,, prime to n implies that «,, is invertible, and we have

== i e ]

G =dyort =
" nemn deta,, |—c a

If we put € := d,,/ det o, and plug the expression for & into «, + &, = t,I we get

a b d —b| |t, O

[c d] +6[—c a] N [0 tn]'
Thus a+ed=1t,,b—eb=0,c—ec=0,and d+ ea =t,. Unlessa=d and b =c =0, we
must have € = 1, in which case d,, = det o, and t,, = a + d = tr a,, as desired.

If a = dand b = c¢ = 0 then a, is a scalar matrix. Let m be the unique integer
with absolute value less than n/2 such that a, = m,, where m,, is the restriction of the
multiplication-by-m map to E[n]. We then have degm = m? and n > 2y/degm+1. Since we
also have n > 2y/deg a+1 we must have & = m, by Lemma 7.16. But then & = m =m = «,
so tra = 2m = trmlI = tr a,, mod n and deg v = m? = det mI = det v, mod n. O

7.5 Separable and inseparable endomorphisms

Recall that the Frobenius endomorphism 7 is inseparable. In order to prove Hasse’s theo-
rem we will need to know that mg — 1 is separable. This follows from a much more general
result: adding a separable isogeny to an inseparable isogeny always yields a separable isogeny.
Note that the sum of two separable isogenies need not be separable: in characteristic p > 0,
if we have a + b = p and both a and b prime to p, then [a] and [b] are both separable but
[a] + [b] = [a + b] = [p] is inseparable.

Lemma 7.18. Let a and B be isogenies from Eq to Es, with o inseparable. Then o+ [ is
inseparable if and only if B is inseparable.

Proof. If 3 is inseparable then we can write oo = aep 0 ™ and 3 = Bgep 0 ", where 7 is the
p-power Frobenius map and m,n > 0. We then have

a+ 3= Qlgep O 7"+ ﬁsep om" = (asep o™l + ﬁsep © 7Tn_1) o,

which is inseparable (any composition involving an inseparable isogeny is inseparable because
the inseparable degrees multiply).

If o+ ( is inseparable, then so is —(a + ), and a — (v + [5) = 3 is a sum of inseparable
isogenies, which we have just shown is inseparable. O

Remark 7.19. Since the composition of an inseparable isogeny with any isogeny is always
inseparable, Lemma 7.18 implies that the inseparable endomorphisms in End(F) form an
ideal (provided we view 0 as inseparable, which we do).
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